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QuestionsQuestions

• Understood: free electrons

• Real systems : Coulomb interaction

• Properties of realistic systems

• Free electron theory works quite well



FreeFree electronselectrons : basics: basics
n(k)

k

Individual excitations: 
fermions (particles or 
holes) 

-kF +kF



PropertiesProperties
• Thermodynamics

CsteTCV =∝ κ

• Spectral function
A(k,ω)

ω

δ(ω−ε(k))



HowHow to probe ?to probe ?

• Specific heat CV = γ T

• Responses:

NMR, Neutrons (spin correlations)

Transport (charge excitations)

Photoemission (single particles)



PhotoemissionPhotoemission

hψ(k,ω)ψ†(k,ω)i

Measures
Spectral 
function
A(k,ω)



``Free ``Free electronselectrons’’’’ worksworks

CV = γ T κ = cste χ = cste

(M. Grioni)



This This isis crazycrazy !!

U ∼ 1 eV

n(k)

k

A(k,ω)

ω

1/τ

Ε(k)
1/τ ∼ U

Solution: Fermi liquid theory



WhatWhat’’s s upup doc ! doc ! 

Fermi Fermi liquidsliquids andand simple simple instabilitiesinstabilities

Luttinger Luttinger liquidsliquids

TheThe darkdark sideside……



Fermi Fermi liquidliquid 101101
• Individual fermionic excitations exist (as 
for free electrons) 

+kF-kF

• dressed electron (quasiparticles)

m→ m∗



QuasiparticlesQuasiparticles are are notnot freefree

H =
1

2
fpσ,p0σ0npσnp0σ0

χ→ χ∗

Landau’s parameters



LifetimeLifetime
• scattering between QP: lifetime

A(k,ω)

ω

1/τ

Ε(k)+kF-kF

N =
X
k1,k2

= N(0)2
Z ω

0
d²1

Z 0
²1−ω

d²2 =
ω2

2



• Lifetime larger than average energy

τψ /)( ttkiEe −∝ 2/1 ωτ ∝

• QP are sharp (nearly free) excitations 
close to the Fermi surface 

• Transport: ρ ∼ T2

• Only a fraction Z in QP states 





T. Valla et al. PRL 83 
2085 (1999)

Mo(110) surface



More More formalformal

hψ(k,ω)ψ†(k,ω)i

G0ret(k, ω) =
1

ω − ²(k)+ iδ

Gret(k, ω) =
1

ω − ²(k)−Σ(k, ω)

ReΣ → m*, Z ImΣ → 1/τ



• Number of states: exp(Ω)

• Quasiparticles : ∆ ~ 1/L
EE

1/L

FLExact



Collective modes Collective modes 

• Charge mode:

Zero sound: ω = Vρ q

Plasmon: ω = Cste

• Spin mode:

Spin wave: ω = Vs q



SummarySummary ofof Fermi Fermi liquidliquid

• Thermodynamics:

• « Individual » fermionic excitations 

(effective mass m*, weight Z)

CsteTC V =∝ κ

• Lifetime: transport etc. 2T∝ρ
• Collective modes (charge and spin)



Fermi Fermi liquidliquid theorytheory

• Shown perturbatively in U 

• Much more general and robust

ElementElement m*/mm*/m χ/χχ/χ00

NbNb 22 11

3He3He 66 2020

HeavyHeavy
fermionfermion

100100 100100



HowHow to to proveprove FL FL theorytheory

PerturbativelyPerturbatively in U (in U (diagramsdiagrams))

Self consistent Self consistent proofproof::
discontinuitydiscontinuity atat Fermi surface Fermi surface isis
an an orderorder parameterparameter..

RG RG picturepicture ((perturbativeperturbative))



RG RG interpretationinterpretation ofof FLFL

EF

Λ

−Λ

EF

Λ∗

−Λ∗

Λ∗: cutoffΛ: cutoff

U*: interactionU: interaction



HamiltonianHamiltonian (Landau)(Landau)
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Use Use ofof Fermi Fermi liquidsliquids

TakesTakes care care ofof largestlargest andand mostmost
complicatedcomplicated processesprocesses

StartingStarting point to point to taketake intointo accountaccount
perturbations (perturbations (latticelattice, , impuritiesimpurities, , 
etc.)etc.)

Simple Simple instabilitiesinstabilities andand orderedordered
statesstates



HowHow to break to break thisthis boringboring stuffstuff

• Strong or unusual interactions 
(localized electrons, BCS, …)

• Special fermi surfaces (nesting, 
singularities at EF )

• Special dimensions (d=1, d=2 (?))  



NestingNesting

Divergent !



Difficult in 
high
dimensions

Easy in d=1

Special
surfaces



WhatWhat happenshappens ? ? 

Naively : ordered state

RPA

χ = ∞ at Tc

Instabilities compete

Fluctuations ?



HowHow to to reallyreally break FLbreak FL

LowerLower dimension (fluctuations)dimension (fluctuations)

IncreaseIncrease interactionsinteractions

StrangeStrange degreesdegrees ofof freedomfreedom



Luttinger Luttinger liquidsliquids
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1d 1d SystemsSystems

Organic
conductors

Quantum wires



Cold Bosons

Nanotubes

But also: 
josephson junctions
ladders
Edge states …..

N0 ~ 10 to 103

atoms

T. Stoferle et al. PRL 92 130403 (2004)



WhatWhat isis specialspecial in d=1 ?in d=1 ?
• No individual excitation can exist (only
collective ones)

• Strong quantum fluctuations (``no’’
ordered state or mean field possible)



WhatWhat are are thethe goodgood excitations ?excitations ?

()(),( kqkqkE εε −+=

+kF-kF

)



E(q)

q2kF

D>1:

continuum

E(q)

q2kF

D=1:

Well defined
excitations

qvqE F=)(



NestingNesting isis thethe rulerule

+kF-kF

Nesting

)()( kQk εε −=+

Q = 2 kF



HowHow to to studystudy

• Exact methods (Bethe Ansatz)

spectrum; limited to very special models
Exact

• Numerics
``Exact’’
special models, size limitations, 

quantities specific to models

• Low energy methods



ReexpressReexpress thethe KineticKinetic energyenergy
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• ``Phonon’’ Hamiltonian
(sound waves of charge)



InteractionsInteractions
2))(()'()( xxx Φ∇≈ρρ

]))(())(([
2

22 x
K
uxuKdxH Φ∇+Π= ∫ π

π
• u velocity of sound

• K dimensionless parameter,
K< 1 : repulsive
K>1 : attractive



PropertiesProperties
• Only collective excitations

• Thermodynamics

u
vKL

u
TC F

V =⎟
⎠
⎞

⎜
⎝
⎛= 0/

3
κκπ

• Looks like a Fermi liquid for q~0 



CorrelationCorrelation functionsfunctions
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No Landau No Landau QuasiparticlesQuasiparticles
n(k)

n(k)
1][

2
1 1 −+ −

− KK
Fkk



Phase Phase diagramdiagram
2)( ),(),( −+ ≈= ∫ ηωτ ωχτχτωχ xedxdq qxi

Most divergent fluctuations

K<1 K>1 -V

SUCDW



System System withwith spinspin
Same treatment

↓↓↑↑ Φ∇→Φ∇→ ρρ

More convenient
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UUH
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σρ HHH +=

),( ρρ Ku Charge excitations

),( σσ Ku Spin excitations

Charge-spin separation



spinonholon



CorrelationCorrelation functionsfunctions

( ) ρσ KK
xFx

xkSxS ++= 11 )2cos()0()( 2

•Perturbation (small U)
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Spin sector more complicated (gap)

∫
∫

Φ+
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J. Voit PRB 47 6740 (1986)



ρK

σK

SDW SU triplet

SU singletCDW



Luttinger Luttinger liquidliquid conceptconcept

• How much is perturbative

• Nothing provided the correct u,K are 
used

• Low energy properties: Luttinger 
liquid (fermions, bosons, spins…)



Fermions Fermions 
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How to How to computecompute (u,K)(u,K)
• Perturbation
• Exact solutions (Bethe Ansatz): 
thermodynamics

cuLELE
uKDKuuCV

∝∞−
=→→

/))()((
/κ

• Numerics



H.J. Schulz PRL 64 2831 (90)



SummarySummary ofof Luttinger Luttinger liquidliquid
Spin charge Spin charge separationseparation

No fermionic No fermionic quasiparticlesquasiparticles
Power Power lawlaw decaydecay of of correlationcorrelation
functionsfunctions

( ) K++= + ρρρ K
xFx

xkx 111 )2cos()0()( 2

Spinon Holon

Fermion

Kρ contains all information about interactions



FractionalFractional ``charges``charges’’’’

Spinon

Magnon S=1

2 Spinons
S=1/2



SP SP densitydensity ofof states states 

Yao et al., Nature 402 273 (1999)



Spin charge Spin charge separationseparation ??





Spin charge Spin charge separationseparation

O.M O.M AusslanderAusslander et et alal., Science ., Science 298298 1354 (2001)1354 (2001)
Y. Tserkovnyak et al., PRL 89 136805 (2002) 
Y. Tserkovnyak et al., PRB 68 125312 (2003)



Spectroscopy

k

E E + V

k + B



• Measures the band (velocities)

• Finite size wire: 

Interferences



Interferences depend on u. 



InstabilitiesInstabilities



MottMott insulatorinsulator ((commensuratecommensurate))

½ filling

U vs. t 
Any commensurate filling works

)()( 0 xx ρρδρ Φ∇−=

)(xρΦ )(xδρ



Charges = Solitons in Φ(x)
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MottMott transition in transition in opticaloptical latticeslattices

Mott insulator

T. Stoferle et al. PRL 92 130403 (2004)

Bosons !



OpticalOptical conductivityconductivity

A. Schwartz et al. PRB 58 1261 
(1998)



More More thanthan 1D1D

Anisotropic situation



DimensionalDimensional CrossoverCrossover
DeconfinementDeconfinement

References : 
- S. Biermann, A. Georges, T. Giamarchi and A. Lichtenstein, in 
``Strongly Correlated Fermions and Bosons in Low Dimensional

Disordered Systems’’ (Kluwer), cond-mat/0201542.

-T. Giamarchi, Chemical Review (2004)

And references therein.



KKK
ttt cba

20,300,3000
>>

ka

kb

• Low Energy (T,ω) : 2D,3D

• High Energy (T,ω): 1D

Dimensional crossover

1D3D E,ω,Ttb



MottMott insulatorsinsulators: confinement: confinement

• 1 chain : Mott insulator U >0

• 3d : Mott insulator U > Uc

Competition Mott insulator/Interchain hopping



D. Jaccard et al., J. Phys. C, 13 L89 (2001)



Longitudinal vs TransverseLongitudinal vs Transverse

T < tk T > t⊥

Coherent
transport

Tunnelling
(SP density of
states)

σk ∝ T3−4n
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DeconfinementDeconfinement

(1) LL-MI

(2) Dimensional crossover



J. Moser  et al. Euro Phys. 
J. B 1 39  (1998)

V. Vescoli et al. Euro Phys J B 11 
365 (1999)
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More More thanthan 1D1D

Isotropic situation







Non Fermi Non Fermi liquidsliquids

• Fake non Fermi liquids

FL Incoherent

T,E

Apparent NFL

• True NFL



TwoTwo Channel Kondo Channel Kondo problemproblem

Kondo:

Spin + 3D Fermi liquid

H = H0+ J ~S · (ψ†(0)Sψ(0))

Total screening:
Fermi liquid



2Channels Kondo:

Spin + 2 × 3D Fermi liquid

H = H0 + J ~S ·h
ψ
†
1(0)Sψ1(0)+ ψ

†
2(0)Sψ2(0)

i

Over screening:Non Fermi liquid



In In factfact ……..

One dimensional problem

Half space only

Boundary problem: conformal
invariance 



HowHow to to checkcheck
• Heavy fermions (f electrons)

Many impurities ?

• Quantum dots

Difficult



FractionalFractional quantum Hall quantum Hall effecteffect

I

V

Incompressible

Liquid



• Fractional charges (Laughlin QP)

electron → 3 × (e/3)

• But ….

Chiral Luttinger liquid
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Marginal FLMarginal FL

ωωσρ /1~)(~)( TT• High Tc

),(1 TMax ωτ =−

• How to get and keep a Fermi surface
(C. M. Varma, P. B. Littlewood, S. Schmitt-Rink, E. Abrahams and A. E. 
Ruckenstein 63 1996 (1989))
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BeyondBeyond 1d1d

To To boldlyboldly go go wherewhere nono fermion fermion hashas
gone gone beforebefore !!!!
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)/log( kkZ εΛ∝• No quasiparticles:

How to get ?



Close to an Close to an instabilityinstability
````NestedNested Fermi Fermi LiquidLiquid’’’’

Q χNFL(Q) =
πN(0)

2
tanh(ω/4T)

````NearlyNearly AntiferromagneticAntiferromagnetic Fermi Fermi 
LiquidLiquid’’’’

χNFL(Q) =
χq

1+ ξ2(Q− q)2− iω/ω0
(A. J. Millis and H. Monien and D. Pines, PRB 47 167 (1990))

But: close to an instability !



StripesStripes

• 1D in two dimensions !

AF AF
AF

Phase separation

• Properties of a Luttinger liquid
S. A. Kivelson and E. Fradkin and V. J. Emery, Nature 393 550 (1998)



StrongStrong interactionsinteractions

U large

c
†
↑ = f

†
↑b Spinon Holon

But: constraintn↑+ n↓+ nb = 1



Quantum Quantum criticalcritical pointpoint

IdeaIdea: : criticalcritical point point meansmeans ξξ = = ∞∞

Scale ξScale ξ

Scale Τ

T

S. Sachdev ``Quantum Phase Transitions’’ (Cambridge)



MottMott transitiontransition

Incoherent regime

Tcoh = δz/d

M. Imada and A. 
Fujimori and Y. 
Tokura, Rev. Mod. 
Phys. 70 1039 
(1998).

Mean Field: z=2

Hubbard d=2: z=4 ?



• Usually: QCP

MassiveMassless

QCP reflects one of the phases

• Try to find QCP:

NormalNormal

Special



AdditionalAdditional referencesreferences

C. M. Varma, Z. Nussinov and W. van Saarloos, Phys. Rep. 361 267 
(2002).

P.W. Anderson ``The Theory of Superconductivity in the High-Tc
Cuprate Superconductors’’ (Princeton University Press).



ConclusionsConclusions
Two well established electronic liquids

«« d=3d=3 »» : Fermi : Fermi liquidliquid; Excitations ; Excitations 
are are «« likelike »» freefree fermionsfermions
d=1 (d=1 (andand extensions)extensions)
Luttinger Luttinger liquidliquid; ; OnlyOnly collective collective 
excitations; non excitations; non universaluniversal exponentsexponents

Other types of non fermi liquids
(d=2) ???????????
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